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Abstract. In this paper, we develop a method to verify David's inte- 
grability condition for certain Beltrami differentials without using Pe- 
tersen puzzles. Using this method and trans-quasiconformal surgery, 
we prove that for any David type rotation number, the boundary of 
the Siegel disk of fe 0) = e 2nW sin(z) is a Jordan curve which passes 
through exactly two critical points it/2 and —tt/2. 



1. Introduction 

Let < 8 < 1 be an irrational number and [aj, • • • , a n , • • • ] be its continued 
fraction. We call 8 of bounded type if sup{a„} < oo, and of David type if 
loga n = 0{yjn). It was proved in [IT] that when 8 is of bounded type, the 
Siegel disk of the entire function fg(z) = e 2ni sin(z) is a quasi-disk with 
exactly two critical points tt/2 and —tt/2 on the boundary. The main purpose 
of this paper is to extend this result to the case that 8 is of David type. We 
prove 

Main Theorem. Let < 8 < 1 be an irrational number of David type. Then 
the boundary of the Siegel disk of f$(z) — e 2m6 sin(z) is a Jordan curve which 
passes through exactly two critical points tt/2 and —tt/2. 

A similar result for David type Siegel disks of quadratic polynomials was 
previously obtained by Petersen and Zakeri in thir seminal work 8 . Our proof 
goes along the same line as theirs. First we construct a Blaschke fraction Gg 
which models the map fg. Then we perform a trans-quasiconformal surgery 
on Gg. To make such surgery possible, one needs to prove the integrability of 
some Beltrami differential fi, and as in [8], this is the heart of the whole paper. 
After this, we get an entire function Tg which has a Siegel disk of rotation 
number 8 such that the boundary of the Siegel disk is a Jordan curve passing 
through exactly two critical points tt/2 and —tt/2. The main theorem then 
follows by showing that fg(z) —Tg(z). 

The most remarkable difference between the proof in this paper and that 
in [8] is as follows. In quadratic polynomial case, one has a set of puzzle 
pieces with some very nice geometric and dynamical properties which were 
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used in an essential way in [8] to prove the integrability of /x(these puzzles 
were previously constructed by Petersen in his famous article [6], and are 
usually called Petersen puzzles now). But in our case, there are no external 
rays and equipotential curves for fg, so such puzzle pieces do not exist any 
more. Thus the puzzle technique used there do not apply here. To solve this 
problem, a new method will be developed in §6 of this paper by which one can 
estimate the area of some dynamically defined sets, and the integrability of 
then follows. Due to its flexibility, the method can be applied in more general 
situations. In particular, it is one of the crucial techniques in |12j where it 
has been proved that every David type Siegel disk of a polynomial map of any 
degree must be a Jordan domain with at leat one of the critical points on its 
boundary. 

Throughout the following, we use C, C, A, and T to denote the Riemann 
sphere, the complex plane, the open unit disk, and the unit circle, respectively. 
The following is the organization of the paper. 

In §2, we present the background materials about David homeomorphisms 
and critical circle mappings. 

In §3, we construct an odd Blaschke fraction Gg to serve as the model map 
for fg. The restriction of Gg on T is a homeomorphism with rotation number 
9 and two critical points 1 and — 1. Let $ : C — » C be the square map given 
by z — > z 1 . Then the map 

gg{z) = $oG e o$- 1 (z). 

is a meoromorphic function with exactly two essential singularities at and 
oo, and moreover, the restriction of gg on T is a critical circle mapping with 
rotation number a = 29 mod (l)(that is, a = 29 if < 9 < 1/2 and a = 29—1 
if 1/2 < 9 < l)(Lcmma l3.7|) . By Yoccoz's linearization theorem [SJ, there is a 
circle homeomorphism h : T — * T such that h(l) = 1 and 

gg\T(z) = h^ 1 o R a o h(z) 

where R a is the rigid rotation given by a. 

In §4, we prove that a is also of David typefLemma 14. 1|) . 

In §5, we introduce Yocooz's cell construction by which one can extend h 
to a David homeomorphism H : A — > A. Let 

dHdz 
VH ~ MTz 
be the Beltrami differential of H in A. Define 

(1) 9e{z) -- 

It follows that vn is gg— invariant. Let v denote the Beltrami differential in 
the whole complex plane which is obtained by the pull back of vjj through 
the iterations of gg . 
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In §6, we prove that the dilatation of the Beltrami differential v satisfies an 
exponential growth condition, more precisely, there exist constants M > 0, 
a > 0, and < eo < 1, such that for any < e < eo, the following inequality 
holds, 

(2) area{z \ \u(z)\ > 1 - e} < Me" a/e , 

where area(X) is used to denote the spherical area of a subset IcC. 

Let [i be the Beltrami differential in the complex plane which is defined by 
the pull back of v through the square map <E>. It will be proved that \i satisfies 
the condition ([2|) alsofLemma 16. ip . By David's theorem[2], n is integrable. 
That is, there is a homeomorphism tj> : C — ► C in W io ' c (C) such that 

d(j) = fidip. 

Define 

\G 9 (z) forzeC-A, 
I o H^ 1 o R a o H o for z e A. 



(3) G e {z) 



It follows that /i is Gg— invariant. Now let <fi be normalized such that it fixes 
and the infinity, and maps I to tt/2. Then by the same argument as in the 
proof of Lemma 5.5 of [5], it follows that the map Tg(z) = <j) ° Gg o 
is an entire functionfLcmma 17. 2[) . From the construction above, Tg has a 
Siegel disk centered at the origin with rotation number 8, and moreover, the 
boundary of the Siegel disk is a Jordan curve passing through exactly two 
critical points ir/2 and ~tt/2. 

In §7, we will prove that fg(z) = Tg(z). We prove this by using a topological 
rigidity property of the Sine family (Lemma 1 of [4] or Lemma [7?3)l . The Main 
Theorem follows. 

2. Preliminaries 

2.1. David Homeomorphisms. Let O C C be a domain. A Beltrami differ- 
ential (i = fi(z)dz/dz in is a measurable (—1, l)-form such that |/i(z)| < 1 
almost everywhere in Q. We say fj, is integrable if there is a homeomorphism 
<j> : Q — > CI' in W,' {CI) which solves the Beltrami equation 

(4) d<t> = fidcf). 

The map (j) is called a David homeomorphism. When ||/i||oo ^ L the map <f> 
is the classical quasiconformal mapping. 

Recall that area(X) is used to denote the spherical area of a subset IcC. 

Theorem 2.1 (David [2 ). Let CI C C be a domain. Let /i be a Beltrami 
differential in CI. Then /i is integrable if there exist constants M > 0, a > 0, 
and < eo < 1, such that for any < e < £o> the following inequality holds, 

area{z I \^{z)\ > 1 - e} < Me" a/e . 
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Moreover, if \i is integrable, up to postcomposing a conformal map, there is a 
unique solution <fi : fl — > f2' in W^ c (O) which solves the Beltrami equation Q). 
That is, if if) : £1 — * f2" is another such solution, then there is a conformal 
map a : Of — > fi" swc/i i/ia£ ijj = a o cf>. 

2.2. Critical Circle Mappings. For our purpose, we say a homeomorphism 
/ : T — > T is a critical circle mapping if it is real analytic and has exactly one 
critical point at 1. 

Suppose / is a critical circle mapping with an irrational rotation number 
0. Let p n /q n ,n > be the continued fractions of 6. For i e Z, let x.- L £ T 
denote the point such that f % ixi) — 1. Let /„ = [1, af 9n ]. For i > 0, let /JcT 
denote the interval such that f l (I n ) — L n , that is, l % n — [xi,x qn +i ]. Then the 
collection of the intervals 

P n , 0<i< q n +i - 1, and P n+l , < j < q n - 1, 

defines a partition of T modulo the common end points. We call such a 
partition a dynamical partition of level n. It is not difficult to see that the set 
of all the end points in this partition is 

n„ = {x l | < j < q n + q n+ i}. 

Theorem 2.2 (Swiatek-Herman, see [3]). Let f : T — > T be a real analytic 
critical circle mapping with an irrational rotation number 8. Let n > 0. Then 
there is an asymptotically universal bound such that 

\[x,f-^(x)]\x\[x,f^(x)]\ 

holds for any point x in T and 

\I\ x |J| 

holds for any two adjacent intervals I and J in the dynamical partition of T 
of level n. 

Now let us consider another partition of T. Let 

S„ = {Xi | < i < q n+ i}. 

The points in 5„ separated T into disjoint intervals. This partition arises in 
Yoccoz's cell construction(see §6 of [5] or §5). Let us call it the cell partition 
of level n. The following lemma describes the relation between these two 
partitions. 

Lemma 2.1. Each interval in T \ S„ is either an interval in T \ H n or the 
union of two adjacent intervals in T \ n n . 

Remark 2.1. For our use, the definition of the cell partition is a little different 
from that in [S] where the cell partition of level n is defined by the points 
{xi |0 < i < q n }. Therefore, the cells of level n in this paper correspond to 
the cells of level n+1 there. 
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For the dynamical partition, an interval in the partition of level n may also 
be an interval in the partition of the next level. This is still true for the 
cell partition. Actually, we have 

Lemma 2.2. An interval [xj,Xk](with j < k) in the cell partition of level n 
is also an interval in the cell partition of level n + 1 if and only if a n+ 2 = 1 ; 
k = j + q n , and < j < q n+ i - q n . 

For proofs of the above two lemmas, see §6 of [8]. By Lemma [2.21 any 
two adjacent points in can not be adjacent in S„ + 2- This, together with 
Theorem 12.21 and Lemma |2~T1 implies 

Lemma 2.3. There is a < 5 < 1 which depends only on f such that for 
any interval I in T \ S Il+ 2 , there is some interval J in T \ S„ with I C J and 
\I\<S\J\. 

Lemma 2.4. Let v = f(l) denote the critical value of f. We have the 
following real bounds: 

1. | [Xq n , X—q n+1 ] | X | [X—q n+1 , 1] | , 

2. | [Xq n , Xq rl J r q n + 1 ] \ X \ [Xq n +q n+1 , 1] | , 
3- \[Xq n+qn+1 -l,v]\ X |[ U >%>+i-l]l' 

Proof. The direction | [x qn , x— q „ +1 ] \ ^ |[s_ 9n+1 ,l]| in the first assertion follows 
from | [x-q n+1 , 1] | x |[^(j„ + i, 1]| x | [1, | which is implied by Theorem 12.21 
Let us prove the other direction. Consider the intervals J — \x— qn — q n+i , X— q n ] 
and / = [l,x_2g„]- Note that J c [x„ 9n+2 , X- Qn ] C /. By Theorem l2.2[ J has 
definite space around it inside /. Since / contains at most two points from 
/ fe (l), 1 < k < q n , the direction |[aJ g „,a;-g n+1 ]| h \ [ x -q„+i > 1] I then follows 
by considering the action of f~ q ™ on / and Koebe's distortion principle(see 
Lemma 2.4 of [3] for Koebe's distortion principle). 

Note that \[x qn ,x qn+ q n+1 ]\ < \[x 9n , x qn+2 ]\ and |K„ +2 ,1]| < \[x qn+qn+1 ,l]\. 
But |[x g „,x g „ +2 ]| < ^ |[a; ? „ + 2il]l by Theorem 12.21 Thus we proved 

+q„+i\\ r< |[ x q n +q„+n 1]|< This proves one direction of the second 
assertion. The other direction can be proved in the same way by considering 
the interval J = [x Qn+1 , X— qn ] and / = [l,x_2 q „], and the action of f~ qn on /. 

From the second assertion, it follows that |[a; gTl) l]]| x |[ajq„+q„ + i, 1]| and 
therefore |[x gil+1 , 1]]| X | [x qn +q n+1 , 1] | by Theorem 12.21 The third assertion 
then follows by considering the action of / on both sides of it. □ 

3. A Ghys-like Model 

In this section, we construct a Ghys-like model map Gg. The idea of such 
type of construction was pioneered by A. Cheritat (see [1]). Recall that A 
and T denote the unit disk and the unit circle, respectively. 

Let T(z) = sin(z). It follows that the map T{z) has exactly two critical 
values 1 and —1. Let D be the component of T _1 (A) which contains the 
origin. 
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Lemma 3.1. D is a Jordan domain which is symmetric about the origin and 
the map T\dD : dD — > T is a homeomorphism. Moreover, dD passes through 
exactly two critical points tt/2 and —tt/2. 

Proof. Since T is an entire function with no finite asymptotic value by Lemma 
1 of [?], dD is bounded and thus a closed and piecewise smooth curve. In 
addition, since A contains no critical value of T, the map T : D — » A is a 
holomorphic isomorphism. This implies that dD does not intersect with itself 
and thus is a Jordan curve. It follows that T : dD — > T is a homeomorphism. 
The symmetry of D follows from the odd property of T(z). The first assertion 
of the lemma has been proved. 

Note that the inverse branch of T which maps the origin to itself can be 
continuously extended to 1 along the segment [0, 1]. It follows that tt/2 G dD. 
The same argument implies that —tt/2 G dD. Because T : dD — > T is a 
homeomorphism, and because 1 and —1 are the only two critical values of T, 
tt/2 and — tt/2 are the only two critical points on dD. The proof of the lemma 
is completed. □ 

For k G Z, let D k = {z + kir\z G D}. It follows that D a = D. 

Lemma 3.2. The domains Dk,k G Z, are all the components o/T _1 (A). 
For any k G Z, dD^ n dD^+i = {kn + tt/2}, and moreover, dDi n dDj = 
for i,j<Elj with \i — j\ > 1. 

Proof. Since D = Dq is symmetric about the origin, T(Dk) — A for any k G Z. 
The first assertion then follows from the fact that T _1 (0) = {kir | k G Z}. 
Note that <9Di fl dDj must consist of critical points if it is non-empty. The 
second assertion then follows from the fact that every dDk contains exactly 
two critical points kir + tt/2 and kn — tt/2. □ 

Let tp : C — A^C — £>be the Riemann map such that ^(oo) = oo and 
V>(1) = tt/2. Since A and D are both symmetric about the origin, we have 

Lemma 3.3. ip is odd. 

For z G C, let z* denote the symmetric image of z about the unit circle. 
Define 



By Lemma 13.31 and the construction of G{z), we have 

Lemma 3.4. G(z) is holomorphic in C — {0} and is symmetric about the 
unit circle. Moreover, G(z) is odd, and G\T : T — ► T is a real analytic circle 
homeomorphism which has exactly two critical points at 1 and — 1. 




for z G C - A, 
for z G A - {0}. 
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Let < 9 < 1 be the David type irrational number in the Main Theorem. 
Since G\T : T — > T is a critical circle homeomorphism, by Proposition 11.1.9 
of [5], we get 

Lemma 3.5. There exists a unique t £ [0, 1) such that e 2mt G\T : T — > T is a 
critical circle homeomorphism of rotation number 9. 

Let t £ [0, 1) be the number given in Lemma T3. 51 Let us denote e 2mt G(z) 
by Gg(z). Since G(z) is odd by Lemma [3T4l we have 

Lemma 3.6. Gg is odd. 

Let $ : C — > C be the square map given by &(z) = z 2 . Define 



g B (z) = $oG o$ 1 (z). 

Lemma 3.7. gg is a meromorphic function with exactly two essential singu- 
larities at and oo, and the restriction of gg to T is a critical circle homeo- 
morphism with exactly one critical point at 1 . Moreover, the rotation number 
of gg\T is a = 29 mod (1). 

Proof. Since Gg is odd by Lemma 13.61 gg is well defined and has exactly one 
critical point 1 on the unit circle. The first assertion follows. Now let us prove 
the second assertion. Let I denote the anticlockwise arc from 1 to g$(l) = 
(Gg{l)) 2 . Consider the orbit segment O n = {g%(l) = (G^(1)) 2 ,0 < k < n). 
Let P n denote the numbers of the points in O n which are contained in /. 
There are two cases. 

In the first case, < 9 < 1/2. Since Gg is odd, it follows that any half 
of the unit circle contains almost half of the number of the points in O n . 
Thus Gg(l) is contained in the upper half of the unit circle. Let J denote the 
anticlockwise arc from 1 to Gg(l). It follows that J £ I. Let and Q~ 
denote the numbers of the points in O n which are contained in J, and — J, 
respectively(Here —J is the anticlockwise arc from —1 to — Gg(l)). It follows 
that 

lim Q+/n= lim Q~/n = 9. 

n — >oo n — >oo 

Note that g k e {\) £ I if and only if G k g (l) £ J U (- J) and that J n (- J) = 0. 
We thus have 

lim P n /n = lim [(Q+ + Q~]/n = 20. 

n — >oo n — >oo 

In the second case, 1/2 < 9 < 1. Since any half of the unit circle contains 
almost half of the number of the points in O n , it follows that Gg(l) is contained 
in the lower half of the unit circle. Thus — Gg(l) is contained in the upper 
half of the unit circle. Let J denote the anticlockwise arc from 1 to — Gg(l). 
It follows that J £ I. Again let Qn an d Qn denote the numbers of the 
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points in O n which are contained in J, and — J, respectively (Here — J is the 
anticlockwise arc from — 1 to Gg(l)). It follows that 

lim Q+ jn = lim Q~/n = 9 - 1/2. 

n— »oo n — ► qq 

As before, £$(1) € J if and only if G k e {\) € JU (-J). Since Jn (-J) = 0, we 
have 

lim P n /n = lim \(Q+ + Q~]/n = 26-1. 

n — >oo n — >oo 

The lemma follows. 

□ 

4. An Arithmetic Property 

Lemma 4.1. Let < 6 < 1 be an irrational number of David type. Let 
< a < 1 fee the irrational number such that 

a = 26 mod (1). 

Then a is also of David type. 

Proof. Let [&i, • • • , b n ,- ■■], s n /t n , and [ai, ■ ■ ■ , a„, • • • ,], p n /q n , be the con- 
tinued fractions and convergents of 9 and a, respectively. Let n > 4. We 
claim that there exists an even integer L = 2m among £ n _i, t n and t n — t n —\ 
and an integer N > such that the inequality 

(6) \2m6 - N\ < \2y9 - x\ 

holds for all integers x > and < y < m. 

In fact, if one of £ n _i and i n is even, we can take it to be L, and take N to 
be s n -i or s„. Then the claim is obviously true. Otherwise, both t n —\ and 
t n are odd integers. Then let L = t n — i„_i and let A > be the integer 
such that the left hand of ([5]) obtains the minimum. If i„_2 = t n — i n -ii the 
claim is obviously true. Otherwise, t n — t n -i > t n _i. Then the claim also 
follows since the only possible integers s and t such that t < t n — t n _\ and 
\{t n — t n -i)Q — N\ > \t6 — s\ are s„_i and i„_i. But i n _i is odd, hence ([6]) 
also holds in the later case. 

From © and a = 29 mod (1) , it follows that there exists some integer 
A > such that 

(7) | ma — A| < \ay — x\ 

holds for all integers x > and < y < m. This implies that m = qi 
for some / > 0. Let k be the largest number such that qt < t n+ \. Since 
to = L/2 < in+i, and since k is the largest integer such that < t n+ i, it 
follows that <7fc > m. Since L > t„_2, we have m = L/2 > <„_4. Thus we get 

9fe > t n -4. 

This implies that for every n > 4, there is some between t n +i and <„_4. 
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Now for every k > 1, let n > 1 be the least integer such that qk < t n +i- 
It is clear that n > 9 for all k large. Since for every n > 4, there is some qk 
between f n +i and i„_4, it follows that 

n < 5fc + 5. 

Similarly, between t„_4 and t n -g, there is some qi with I < k. So we get 
Thus we have 

O-k < qk/qk-l < tn+l/tn-9- 

All these together implies that 

\oga k < log(t n+ i/t„_ 9 ) < ^ log(6 ; + 1) < CV^ < C'VI 

n-8<i<n+l 

holds for all fe > 1 large, where C, C > are some uniform constants. The 
lemma follows. □ 



5. Yoccoz's Cell Construction 

Recall that gg\T is a critical circle homeomorphism with rotation number 
a and exactly one critical point at 1. For i S Z, let be the point in T such 
that gl(xi) — 1. For n > 0, let p n /q n be the continued fraction of a. Consider 
the cell partition of level n introduced in §2, 

S„ = | < i < q n +i}- 

For each Xi £ 5 n , let j/i be the point on the radial segment [0, Xi] such that 

- Xi\ = d(x r ,xi)/2 

where x r and xi denote the two points immediately to the right and left of xi 
in S n , and d(x r , xi) denotes the Euclidean length of the smaller arc connecting 
x r and xi. Let us assume that n > is large enough such that d{xi, x r ) < 1 
holds for any two adjacent points Xi and x r in S n . 

Let and x r be any two adjacent points in S n . Connect yi and y r by a 
straight segment. Then the three straight segments [xi,yi], [yi,y r ], [x r ,yr]i 
and the arc segment [xi, x r ] bound a domain, which is called a cell of level n. 
It follows that the union of all the cells of level n is an annulus with T being 
the outer boundary component. Let us denote this annulus by Y n . 

Let K > 1. Two straight segments / and J are called K— commensurable 
if | J\/K < \I\ < K\J\. From the construction of the cells, and Theorem 12.21 
Lemma 12.11 and Lemma 12.31 one has the following lemma, 

Lemma 5.1. The four sides of each cell are K — commensurable for some 
K > 1 dependent only on gg. Furthermore, each cell E of level n + 2 is 
well contained in some sell E' of level n in the sense that there is a uniform 
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< a < 1 such that the ratio of the length of each side of E to the length of 
the corresponding side of E' is less than a. 

Let h : T — > T be the homeomorphism such that h(l) = 1 and gg\T(z) = 
h^ 1 o R a o h{z). Then by Yoccoz's extension theorem(see [10] or Theorem 6.5 
of [5]), we have 

Lemma 5.2. There is a C > such that the map h can be extended to 
a homeomorphism H : A — > A whose dilatation in Y n is at most C(l + 
(loga„ +2 ) 2 ). 

By composing with a quasiconformal homeomorphism of the unit disk to 
itself which fixes 1, we may assume that H(0) = 0. Let 

_ dH dz 

VH ~ trnTz 

be the Beltrami differential of H in A. Define 



(8) ge(z) = 



g e {z) forzeC-A, 
H(z) for z e A. 



It follows that vh is ge— invariant. Let v denote the Beltrami differential in 
the whole complex plane which is obtained by the pull back of vh through 
the iterations of ]je . 
Define 



(9) G e (z) 



\G e {z) forzeC-A, 
[$- 1 o J ff- 1 oi? Q o J ffo$(z) for z e A. 

Here the branch of <f> -1 is taken to be such that 

-J)" 1 o H- 1 oR a oHo $(1) = Ge(l). 

Let n be the Beltrami differential in the complex plane which is obtained by 
the pull back of v through the square map $. The proof of the following 
lemma is direct, and we leave it to the reader. 

Lemma 5.3. The map Ge is odd. The Beltrami differential fi is Gg — invariant, 
and moreover, fi(z) — fi(—z). 

6. The integrability of /u 
The purpose of this section is to prove the integrability of fi. 

6.1. The integrability of v implies the integrability of /i. 

Lemma 6.1. If v satisfies the condition |]|), then so does /i with the same 
< £q < 1 but possibly different constants M > and a > 0. 
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Proof. Let $ : z — ► z 2 be the square map defined in §3. It is sufficient to 
prove that there exists a C > such that for any measurable set E C C, the 
following inequality holds, 

(10) areai®- 1 (E)) < Carea(E) 1/2 . 

To show this, let Ei = E n A and E 2 = E n (C \ A). It is sufficient to prove 
(fTOf holds for both E\ and E2 ■ Since the transform ( — 1/z commutes with $ 
and preserves the spherical metric |<iz|/(l + |2:| 2 ) and maps E2 to some subset 
of A, we need only to prove (flO|) for E\. Note that in A, the Euclidean area 
is equivalent to the spherical area. Thus it is sufficient to prove (fT0|) in the 
case of Euclidean area. Note that 

/ dxdy = 2 (s 2 + t 2 )dsdt. 

JE X J<S>- 1 (E 1 ) 

It follows that for given J E ^ dxdy, J^-it^ dsdt obtains the maximum when 
$" 1 (£'i) is a Euclidean disk centered at the origin. This implies (JTDJ) in the 
case of Euclidean area and the lemma follows. □ 

Let 

X = {z e C \ A I gg(z) G A for some integer k > 0}. 

For each z € X, let k z be the least integer such that gg'(z) G A. Define 

X n = {zeX\g%'(z)€Y n }. 

By Lemma 15.21 and the condition that loga„ = 0(^/n), we have 

Lemma 6.2. // there exist C > and < S < 1 such that area(X n ) < CS n 
holds for all n large enough, then v satisfies the condition (0). 

It is clear that Lemma 16.21 can be further reduced to the next lemma. 
Lemma 6.3. // there exist C > 0, < e < 1, and < 8 < 1 such that 

area(X n+ 2) < Ce n + S area(X n ), 
then v satisfies the condition (0). 

The remaining of the section is devoted to the proof of Lemma 16.31 

6.2. A covering lemma. For z € C and r > 0, let B r (z) denote the Eu- 
clidean disk with radius r and center at z. 

Lemma 6.4. Let K > 1. Then there is a constant L > 1 depending only 
on K such that for any finite family of pairs of sets {(Ui, Vi)}i^\ in C, if for 
each i € A, there exist Xi € Vi and > such that 

B ri {xi) C Vi C Ui C B Kri {xi), 
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then there is a subfamily <jq of A such that all B r .(xj),j G ao, are disjoint, 
and moreover, 

\J< ■ U B ^M)- 

Proof. Let us simply denote B ri (xi) as Bi. It is sufficient to prove the worst 
case, that is, Vi — Bi, and Ui — Bxnixi)- By considering the subfamily 
of A which consists of all those i such that Bi is maximal(that is, Bi is not 
contained in any other Bj), we may assume that for any i ^ j in A, Bi is 
not contained in Bj. Let £ be the class which consists of all the non-empty 
subsets of A such that for every a G S, the sets 

Bi , i G a 

are disjoint with each other. Clearly any subset of A which contains exactly 
one element must belong to S. It follows that £ is finite and non-empty. Let 
Co G £ be such that 

m( (J Bi) = maxm(|J £;) 

where m denotes the Euclidean area. Now let us prove that there is an L > 1 
depending only on K such that for any i £ A, there is some j S o~o with 
£/i C B Lr] {xj). 

In fact, if i G do, we can take L = K and j = i. We may assume that 
i ^ (To. By the maximal property of <7o, the disk Bi must intersect at least 
one Bj for some j € uq . Let 

© = { j e ct | Bi n ^ 0}. 

It follows from the maximal property of o~q again that 
(11) miBjKmiljBj). 

(This is because otherwise, one may use Bi to replace all the disks Bj, j G 0, 
then the total Euclidean area will be increased, and this contradicts with the 
maximal property of Co) 

Since by assumption, every Bj for j G is not completely contained in Bi, 
it follows that the boundary circle of Bj intersects the boundary circle of Bi. 
It thus follows that 

ri < 8 max n ■ 

jee 

(Because otherwise, the union of Bj would be a proper subset of the annulus 

{z | ^r, < \z-Xi\ < jr,}, 
whose Euclidean area is equal to that of Bi. This contradicts with (fTT|) ) 
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Let L — 8K + 9. Let j £ be such that Tj obtains the maximum of 
ri,l £ 9. It is easy to see that Ui C BKn(xi) C BL rj {xj). The proof of the 
lemma is completed. □ 

Recall that we use area(X) to denote the spherical area of a subset IcC. 
Let ft = C \ A. For a subset E C ft, let diamn(E) denote the diameter of E 
with respect to the hyperbolic metric in Q. 

Corollary 6.1. Let {(Ui, Vi)}i^\ be a finite family of pairs of sets in Q sat- 
isfying the condition in Lemma \6.4\ for some 1 < K < oo. If in addition 

(12) diamniUi) < K 

for each i £ A, then 

area ^ Vi) >X{K) 



area(\J ieA Ui) 

where < X(K) < 1 is a constant dependent only on K . 



Proof. Let a C A and L be given as in Lemma 16.41 Then for any i e A, 
from the proof of Lemma 16.41 there is some j £ o~o such that Ui C B-L r .(xj) 
and B r .(xj) intersects B ri (xi). Since B ri (xi) C Ui and B rj (xj) C Uj, we get 
Ui n Uj ^ 0. This, together with , implies 

(13) diam n (Ui U Uj) < 2K. 

By (fl3|) . there is some constant 1 < £(K) < oo depending only on K such 
that 

1 + Izl 2 

(u) sup -^-LL < e(K). 

Since the spherical metric is given by |<iz|/(l + \z\ 2 ), this implies that the 
distortion of the spherical metric in Ui U Uj is bounded by 1{K). But on the 
other hand, by Ui C Br, rj (xj) we have 

(15) m(Ui) < L 2 rn(B rj ( X j)), 

where m(-) denotes the Euclidean area. Since B rj (xj) C Uj C Ui U C/j, it 
follows from (fT?]) and ([T5]) that 

area(Ui) < L 2 £(K)area(B rj (xj)). 

Since L depends only on K and all B r .(xj), j £ o~q, are disjoint, the lemma 
then follows by taking \(K) = L 2 i(K). 

□ 
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Figure 1. 

6.3. Hyperbolic neighborhoods. Let us first introduce some concepts. Let 
J C T be an open segment. Set 

ni = c\({o}u(T\/)). 

Let efaj(-, •) denote the hyperbolic distance in fi/. For d > 0, the hyperbolic 
neighborhood of / is defined to be 

H d {I) = {zefl I \dn I (z,I)<d}. 

For given d > 0, when I is small, Hd(I) is like the hyperbolic neighborhood 
of the slit plane. Thus it is like the domain bounded by two arcs of Euclidean 
circles which are symmetric about T. In the following, we always assume 
that the arc segment I involved is small, and therefore regard Hd{I) as the 
domain bounded by two symmetric arc segments of Euclidean circles. Let a 
be the exterior angle between dHd(I) and T. For the convenience of our later 
discussions, let us use H a (I) to denote the domain Hd(I). 

6.4. The construction of the set Z n . Now take < (3 < a < ir/3 and let 
them be fixed throughout the following sections. Recall that for i G Z, xi is 
the point in T such that (g$\Ty(xi) = 1. 

For n > 0, Let 

In = [-L^gjji Kn = [1, X — q n+1 ] , and L n = [Xq n , X — q n+1 ] ■ 

Define 

A n = H a (I n )\A, 
B n = H a (I n+ i) \ A = A n+ i, 
C n =H a (K n )\A, 
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and 

D n = Hft(L n )\ A. 

Note. In the following, we assume that the integer n in the discussion is 
large enough such that /„, K n , and L n are all small and hence all the domains 
H a (I n ), H a (K n ), and Hp(L n ) are simply connected. 

For an arc segment JcT, let I denote the interior of /. 

For < i < q n , g l g(l) ^ In+i- Let B l n denote the domain which is attached 
to the segment [xi 1 Xi+q n+1 ] such that g l g : B' l n — > B n is a homeomorphism. 

For < q n +i, 5e(l) ^ K°. let C % n denote the domain which is attached to 
the segment [xi- qn+1 , Xi] such that g\ : C' l n — > C n is a homeomorphism. 

For < i < q n +i — 1, ffe(l) ^ L^- Let Z)^ denote the domain which 
is attached to the segment [x i+qn , Xi- qn+1 ] such that g\ : D l n — > D n is a 
homeomorphism. 

Lemma 6.5. B* n C i? Q (4 +1 ),0 < i < q n , C n n C ^([a;,, ari_ 9n+1 ]), < i < 
q n+1 , and D l n C H ([x Qn+i , Xi- qn+1 }), < i < g„+i - 1. 

Proof. Let us prove the first assertion and the other two can be proved in the 
same way. For < i < q n , let Pi denote the set of the critical values of g\. 
Then 

Pi = {g J e(l) | 1 < i < 0- 

Note that go has exactly one critical value. It follows that Pi n ^/ n+1 = 0- let 
^i denote the inverse branch of g\ which maps I n+ i to Since H a (I n+ i) 

is simply connected by assumption, ^i can be holomorphically extended to 
H a (I n +i). But since 0/ n+1 is not simply connected, the map ^i may not 
be extended to a holomorphic function on f2/„ +1 . To avoid this problem, let 
us consider the holomorphic universal covering map it : A — > fi/ n+1 . Since 
Pi n = 0, ^i can be lifted to a holomorphic function ^>i : A — > 

such that 

7T = fl-j o 

This, together with the Schwarz Contraction Principle, implies that the map 
maps H a (I n+ i) into H a (P n+l ). The first assertion then follows. The other 
two assertions can be proved in the same way. □ 

Define 

(16) z n = |J |J c;u |J D\ 

0<i<q n 0<i<q n+ i 0<i<q n + i-l 

See Figure 1 for an illustration of A ni B n , C n , and D n . The cone, whose two 
sides have an angle 7r/3 with T, represents part of the pre-image of A. 
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6.5. The construction of the family {(Ui, Vi)}i^A- Let fi = C \ A. Let 

diamn(-) denote the hyperbolic diameter of a subset in fi. Let diam(-) and 
dist(-, •) denote the diameter and distance with respect to the Euclidean met- 
ric. Recall that T(z) = sin(z). The following is a technical lemma about the 
distortion of T _1 in a bounded set. 

For two quantities x, y > 0, we write x >z y if there is some universal 
constant < K < oo such that x > Ky. We write x < y if y > x. We write 
x X y if x y y and y y x both holds. 

Lemma 6.6. Let 1 < M < oo. Then there exists a constant 1 < t(M) < oo 
depending only on M such that for any r > and a G C with BMr(a) C £>2(0), 
and any component U of T~ 1 (BMr(fl)) o,nd any component V ofT~ 1 (B r (a)) 
with V C U , there exist an r' > and an a' £ C such that 

B r ,{a') cVct/C B T(M)r ,(a'). 

Proof. By using a compact argument, we may assume that r > is small and 
a is contained in a small neighborhood of one of the critical values of T(z), 1 
or — 1. Without loss of generality, let us assume a is close to 1. 

By a direct calculation, it is not difficult to see that there exists a uniform 
1 < L < oo such that for any small Euclidean disk Br(w) near 1, if W is a 
component of T^ 1 {Br{w)), then one can find zeC and R! > such that 

(17) B R ,(z)cW cB LR ,(z) 

with R! x ^/R+\w - 1| - y/\w - 1|. 

Now we have two cases. In the first case, r < \a — 1|/10M. By (JT7J) , we 
have 

diamU < y/Mr + \a - 1| - y/\a-l\ < Mr/y/\a - 1|. 
By HZ]), there is an a' G V and r' > such that B r ,(a') C V with 

r' >r l«- 1| - Vh- 1| b r/V|a- 1|- 

This proves the lemma in the first case. 

In the second case, r > \a — 1|/10M. Then 

diamU r< V Mr + l a - 1| r< VllMr. 
By (HZ)), there is an a' £ F and r' > such that B r ,(a') C V with 
r' h y/r+\a-l\ - y/\a-l\ b ^(v 7 ! + 10M - VlOM). 

In the last inequality we use the fact that yl + 2: — i s decreasing for x > 0. 
This proves the lemma in the second case and Lemma T6.6I follows. □ 

Definition 6.1. Let 1 < K < 00 and z 6 X n+2 . We say z is associated to a 
JC— admissible pair (t/, V") if V C £/ C fi are two topological disks such that 

1. € U, 

2. yci„\i„ +2 , 
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3. diamn(U) < K, 

4. there exist x £ V and r > such that B r {x) a V <Z U C Bkt{x). 
From now on, let v = gg(l) denote the unique critical value of gg. Let 

p = 1/1000 

and be fixed through the following discussions. 

Lemma 6.7. There is a uniform 1 < K < oo such that for all n large enough 
and any z £ X n+2 , ifu = gg(z) £ Y n+2 and z A n U B n) then z is associated 
to some K— admissible pair (U,V). 

Proof. We have two cases. In the first case, d(z, T) > p. In the second case, 
d(z,T) < p. 

Suppose that we are in the first case. By assuming that n is large enough, 
we can always take a Euclidean disk B in Y n \ Y n+2 and a small open topo- 
logical disk A such that 

1. CO £ A, 

2. B C A, 

3. diam(A) -< diam(B). 

Note that for all n large enough, we can take A small so that the component 
of gg 1 (A) which contains z, say U, lies in the outside of A. That is, U C Cl. 
Let V be one of the components of gg 1 (B) such that V C U. By using the 
previous notations, we have 

oj = gg(z) = <&oR t oToipo ^ 1 (z) 

where ip :C\A^C\D, T : z ^ sin(z), R t : z -» e 2vlt z, and $ : z -» z 2 are 
the maps as defined in §3. 

Since A is a small open topological disk which intersects A, <i>~ 1 (^4), and 
hence R^ 1 o <f>~ 1 (A), are small open topological disks which intersect A 
also(We take one of the branches of By taking A small, the distor- 

tion of R^ 1 o on A is uniformly bounded, and from the third property 
above, we can thus find a point a £ C, an r > 0, and a universal 1 < M < oo 
such that 

(18) B r {a) c R^ 1 o c R^ 1 o ^(A) c B Mr (a) C B 2 (0). 
Since T is periodic, the diameter of any component of 

T' 1 o R- 1 o^-\A) 

has a uniform upper bound. Since d(z, T) > p and the diameter of A is small, 
it follows that d((ip o <^~ 1 ){z),dD) > n{p) where n(p) > is some constant 
depending only on p. Let A' denote the component of T^ 1 o R^ 1 o 
which contains (ip o Since T is periodic, by taking A small, we can 

make A' small and d(A', dD) > «(p)/2. So we can always assume that 

(19) diam CX p(A') < 1. 
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by taking A small. 

Let U = ($ o ip-^iA'). Since <I> o V^ 1 :C\Z)^C\Aisa holomorphic 
map, it follows from (|19[) and Schwarz Contraction Principle that 

(20) diam^^U) < 1. 

This verifies the property (3) in Dcfjnition l6.il The first two properties of Def- 
inition 16.11 hold automatically. The last property follows since the distortion 
caused by each map in the composition 

gg 1 = $ o ijr 1 o T- 1 o R~ l o 

is bounded by some uniform constant provided that A is small. In fact, by 
(fT8|) and Lemma HTBl it is sufficient to show that the distortion of $ o ip^ 1 on 
A' is uniformly bounded. From (fl9|) . it follows that diam(A') < dist(A', dD). 
This implies that ip^ 1 can be defined in a definitely larger domain containing 
A'. It follows from Koebe's distortion theorem that the distortion of ip~ x on 
A' is uniformly bounded. Since A' is small and since the derivative of ip^ 1 is 
bounded in a neighborhood of the infinity, it follows that diam(-0 _1 (A')) < 1 
provided that A is small. This then implies that the distortion of <E> on ip~ 1 (A') 
is uniformly bounded. The last property in Definition 16.11 then follows. 

Now suppose that we are in the second case. That means, d(z, T) < p. 
Since z ^ A n U B n , it follows that 

(21) dist(uj,v)h l^ 1-1 !- 

Recall that /„ = [1, x qn ] and l l n is the arc segment on T such that g\(J % n ) = I n - 
(|2T|) then comes immediately from the fact that the part of the cone, which 
is contained in A n U B n , has size x /„ x see Figure 1. 

Note that is the interval in the dynamical partition of level n which 

contains v. Let / C T be any interval in the cell partition of level n which 
contains v or has v as one of its end points (In the latter case, there are two 
such intervals in the cell partition of level n) . The inequality (|21j) , together 
with Theorem 12.21 and Lemma |2~T1 implies that 

(22) dist(uj,v) y \I\. 

Let J' C J C T be the corresponding intervals to the cells of level n + 2 and n 
whose closures contain to. Since any two adjacent intervals in the cell partition 
are commensurable(This is implied by Theorem 12 . 21 and Lemma |2.1[) . we have 

(23) dist(w,v)h\J\>\J'\. 

In fact, if J = I, then ([23]) follows from (|22]). Otherwise, let M denote the 
interval in the cell partition of level n which is between I and J and which is 
adjacent to J. Then \M\ x |J| by Theorem |2~21 and Lemma O If M ^ I, 
we must have dist(ui,v) ^ |M| and (f2"3"|) follows. If il/ = /, then ([2^| follows 
again from (|2"2"|) . It now follows from Lemma 15.11 that there is a Euclidean 
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Figure 2. 

disk B C X n \ X n+ 2 such that B and u> are contained in the same cell of level 
n and 

(24) diam(B) x dist(uj, B) x | J'\ ■< dist(v, B). 

From ([23]) and l]24p. it follows that for such Euclidean disk B, there is an open 
topological disk A C A such that 

1. weA, 

2. Be A, 

3. diam(A) ^ diam(B) ^ dist(v, A). 

See Figure 2 for an illustration of the sets A and -B. Let U and be the pull 
backs of A and B by gg respectively such that z S t/ and V C U. The first 
two properties in Definition 16 . 1 1 hold automatically. Let us verify the property 
(3). In fact, since A C A by the construction, U is contained in the cone. 
From diam(A) ^ dist(v,A), it follows that 

diam(U) 
dist{U, T) < P 

for some uniform p > 0. This implies that diamn(U) < K where K > 1 
is some constant depending only on p and the property (3) follows. Since 
diam(A) ^ dist(v,A), g^ 1 can thus be defined in a definitely larger domain 
E D A such that mod(_E \ A) has a uniform positive lower bound. The last 
property then follows from Koebe's distortion theorem. □ 

Lemma 6.8. There is a uniform 1 < K < oo such that for any < i < q n — 1 

and z G X,i+2, if to = ge(z) € i?^ 6w£ z ^ B^ 1 , then z is associated to some 
K — admissible pair {U, V). 
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Figure 3. 

Proof. Again we have two cases. In the first case, d(z, T) > p. In the second 
case, d(z, T) < p. 

Suppose that we are in the first case. Note that by Lemma [631 w € B l n C 
H a (I^ +1 ). With the aid of this fact and Lemmas 12. 11 15. 1[ and Theorem 12.21 
the proof of the first case can be completed by using exactly the same argu- 
ment as in the proof of the first case of Lemma 16.71 The reader shall easily 
fill up the details of the proof for this case. 

Now suppose that we are in the second case. That is, d(z,T) < p. Note 
that H In' ,+1 = and that by the third assertion of Lemma 12.41 v 

separates the interval 1 into two L— commensurable subintervals for 

some uniform 1 < L < oo. Since ui S H a (P n+l ) : it follows that 

(25) dist(uj,v) h |Z**+ 1-1 |. 

Let / be the interval in the cell partition of level n which contains the 
interval I?T +1 ■ In particular, v £ I. By Theorem 12.21 and Lemma [2.11 it 
follows that | x |/| and therefore by (25]) we have 

(26) dist(u,v) x dist(P n+1 ,v) x dist(H a (li +1 ),v) h \I\- 

Let J be the interval in the cell partition of level n which contains I^+i- 
It follows that J x P n+ i (In Figure 3, J = P n+1 )- Since any two adjacent 
intervals in the cell partition are L— commensurable for some uniform L > 1, 
by ([26]) and the same argument as in the proof of ([23]) . we have 

(27) dist(uj,v)>\J\. 

Let E be the cell of level n corresponding to J. It follows from ([26]) . ([27jl 
and Lemma [5TT1 that there is a Euclidean disk B C E\X n+ 2 and a topological 
disk 4c(AU H a {P n+1 )) such that 
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1. uj e A, 

2. B c A, 

3. diam(A) -< diam(B) ^ |J| ^ dist(v,A), 

See Figure 3 for an illustration of the sets A and B. Let U and V be the 
pull backs of A and B by 59 respectively such that z £ U and V C U. 
It is clear that the first two properties of Definition 16.11 hold automatically. 
Since diam(A) ^ dist(v, A), g^ 1 can be defined in a definite larger domain 
containing A, so the last property follows from Koebe's distortion theorem. 

Now let us prove the property (3). Since A C (AuH a (I^ +1 )) and diam(A) < 
dist(v,A), it follows that diam(U) /dist(U,T) < p for some uniform p > 0. 
This implies that diamn(U) < K for some K > 1 depending only on p. This 
proves the property (3) and Lemma |6~51 follows . □ 

Lemma 6.9. There is a uniform 1 < K < 00 such that for any < i < q n +\ — 
1 and any z £ X n+ 2 with lu — ge(z) £ C % n , if z ^ C^ +1 for < i < q n +i — 2 
and z ^ A n U B n for i = q n +i — 1, then z is associated to some K — admissible 
pair ({/, V) . 

Proof. Suppose that < i < q n +i — 2. As before, we have two cases. In 
the first case, d(z, T) > p. In the second case, d(z,T) < p. Again, the 
first case can be proved by the same argument as in the proof of the first 
case of Lemma 16.71 So let us suppose that we are in the second case. That 
is, d(z,T) < p. By Lemma 1631 C l n C H a ([xi- qn+1 ,Xi\) C H a (I l n ) for all 
< i < q n +i — 1. Note that l % n D In" +1 = and that by the third assertion 
of Lemma [2.41 v separates the interval into two L— commensurable 

subintervals for some uniform 1 < L < 00. Since u> £ C l n C H a (I^), it follows 
that 

dist(uj,v) y |i£ n+1-1 |. 

Then the same argument as in the proof of the second case of Lemma 16.81 can 
be used to construct a if- admissible pair (U, V) associated to z. The reader 
shall easily supply the details. 

Now suppose that i = q n +i — 1- Again we have two cases. In the first 
case, d(z,T) > p. In the second case, d(z,T) < p. The first case can still be 
treated in the same way as in the proof of the first case of Lemma l6?7l So let us 
assume that d(z, T) < p. Note that there are two components of g^ 1 (Cn" +1 1 ) 
whose boundaries contain the critical point 1. It is clear that one of them is 
contained in B n . Let Q denote the other one. Then fl is a domain which is 
attached to one side of the cone from the outside. Let O' = fl\(A n UB n ). Since 
z A„\JB n , we have z £ SI'. Note that | [xq n +q n+1 -i, v]\ X | [v, x g „ +1 _i] | by the 
third assertion of Lemma l2.4l and Cn" +1 1 C H a ([x qn+1 -i, v]) by Lemma 1631 
it follows that 

diam{9!) < dist(Q',T) x \I n \. 
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Figure 4. 

On the other hand, by Lemma 12. 1[ Lemma \2A\ and Lemma 15. 1[ it follows 
that there is a Euclidean disk V C X n \ X n+ 2 which is contained in the cone 
such that 

diam{V) x dist(V,T) X \I n \. 

It follows that one can construct an open topological disk U containing Q! 
and V such that 

diam(U) x dist(U,T) x |I n |. 

See Figure 4 for an illustration of the sets fl' and V. The properties of 
Definition 16.11 are obviously satisfied. The lemma follows. □ 

Lemma 6.10. There is a uniform 1 < K < oo such that for any < i < 
q n+1 - 1 and z G X n+2 with lo = g e (z) <E D l n , if z <£ D 1 ^ 1 forO<i< q n+1 - 2 
and z $l A n U B n for i = q n +i — 1, then z is associated to some K— admissible 
pair (U, V). 

Proof. The case that < i < q n +\ — 2 can be proved by the same argument 
as in the proof of the same case of Lemma RTi?! The reader shall easily supply 
the details. 

Suppose that i = q n +i — 1. As before, we have two cases. In the first 
case, d(z,T) > p. In the second case, d(z,T) < p. Again, the first case 
can be proved by the same argument as in the proof of the same case of 
Lemma [6.71 So let us assume that d{z,T) < p. By Lemma EU Dl n+1 C 

■^([^n+gn+i-i) v ])- There are exactly two two components of gg 1 (Dn™ +1 ) 
which are attached to 1. Let us use S7i to denote the one which is attached 
to 

x qn+q n +n 1]' an d use O2 to denote the other one which is attached to one 
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x q n x qn+qn+i x qn+i 



Figure 5. 

side of the cone from the outside. Let fi^ = J7j \ (A n U B n ) for i = 1,2. By 
Lemma 1631 and the third assertion of Lemma [2T4j it follows that for i = 1,2, 

diamifl^ < eftsi(fi-,T) x |7„|. 

Then by Lemma [2TT1 Lemma HOI and Lemma l5TT| for i = 1,2, one can take a 
Euclidean disk Vi C X„ \ -X"„ + 2 which is contained in the cone such that 

diam(Vi) x dist(V,,T) x |J n |, 

and a topological disk £7, which contains 0£ and 1^ such that 

diam(Ui) x dist(Ui,T) x |7„|. 

See Figure 5 for an illustration of the sets and V,, i = 1,2. The properties 
of Definition 16.11 are obviously satisfied. The lemma follows. □ 

Lemma 6.11. There is a uniform 1 < K < oo such that for any z € X n+ 2, 
if z G A„ \ (£>„ UC„U -Dn), i/ien z is associated to some K— admissible pair 
(U,V). 

Proof. Let W = A n \ (B n U C*„ U D n ). Note that | [x Qn , a:_,„ +1 ] | X | [x- qn+1 , 1] | 
by the first assertion of Lemma [2^41 By the definition of A n , B n , C n , D n and 
the fact that < (3 < a, it follows that 

diam(W) ^ dzst(W,T) x \I n \. 

See Figure 1 for an illustration. 

Now by Lemma 15.11 we can construct a Euclidean disk V C X n \ X n+ 2 in 
the cone such that 

diam(V) x dist(V,T) X \I n \. 
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It follows that there is an open topological disk U containing W and V such 
that 

diam(U) ^ dist(U, T) X |J„|. 

The properties of Definition 16.11 are obviously satisfied. The lemma follows. 

□ 

Lemma 6.12. For every 1 < K < oo, there exists an 1 < L < oo depending 
only on K such that if a point z G X n +2 is associated to some K— admissible 
pair (U, V), then for any point £ G X n +2 in the inverse orbit of z, £ is asso- 
ciated to some L— admissible pair (U',V'). 

Proof. Suppose z G X n+ 2 is associated to some if-admissible pair ([/, V). Let 
£ G X n+ 2 be a point in the inverse orbit of z, that is, <7g(£) = z for some 
integer k > 1. Let V' C U' be the pull backs of V and £7 by g\ such that 
£ G U' . The first two properties of Definition 16.11 hold automatically. Since 
diamn(U) < K, the branch of gg k , which maps z to £, can be defined in a 
definitely larger domain containing U . By Koebe's distortion theorem, the 
last property of Definition 16.11 holds for some constant depending only on K . 
It remains to prove the third property. 

Recall that fi = C \ A. Let E = C \ (A U ^(A)). It follows that ScSl. 
Note that gg(l) — (Gg(l)) 2 is the only critical value of gg in C. This implies 
that gg : S — ► f2 is a holomorphic covering map and that any inverse branch 
of gg contracts the hyperbolic metric in f2. Thus we get diamn(U') < K. 
This proves the third property of Definition 16.11 and the lemma follows. □ 

Let Z n be the set defined in (fT6|) . The importance of the set Z n is reflected 
by the following lemma. 

Lemma 6.13. There is a uniform K > 1 such that for any z G X n+ 2- either 
z G Z n , or z is associated to some K— admissible pair (U,V). 

Proof. Take z G X n+ 2- Suppose z ^ Z n . Recall that k z > is the least 
integer such that gg*(z) G A. Let I = k z . For < k < I, let z k = g l f k [z). 
Then z = z\. We may assume that z\ G A n U B n . This is because otherwise, 
lu = gg(zi) = g l g(z) G Y n+ 2 and z\ $ A n U B n , then by Lemma [6.71 z\ is 
associated to a AT-admissible pair (U, V) for some uniform 1 < K < oo. Since 
z — zi lies in the inverse orbit of zi, the Lemma then follows by Lemma l6.12l 
We may further assume that Z\ G Z n . Because otherwise, we will have 

z x G (A n U B n ) \ Z n c An \ (B n U C n U D n ). 

By Lemma 16.111 it follows that z\ is associated to a if-admissible pair for 
some uniform 1 < K < oo . The lemma then follows again by Lemma 16.121 
since z lies in the inverse orbit of Z\. 

Now suppose that k < I is the largest integer such that Zi G Z n for all 
1 < i < k and z k G A n U B n . By assumption that zi = z £ Z n , it follows 



ON DAVID TYPE SIEGEL DISKS OF THE SINE FAMILY 



25 



that k < I. Now we may assume that one of the following three possibilities 
happens: Zk G B ni Zk G C„, or Zk G D n . This is because otherwise, Zk G 
A n \ (B n UC„U D n ). So by Lemma [6.111 it follows that Zk is associated to 
a K- admissible pair for some uniform 1 < K < oo. The lemma then follows 
again by Lemma 16.121 since z = Z[ lies in the inverse orbit of Zk ■ 

Suppose that Zk G B n . By the assumption that z ^ Z n and the choice of 
k, there is either an < i < q n — 2 such that Zk+i G B n but Zk+i+i $ B n +1 
or Zk+q n -i G _1 but Zk+ Qn £ A n U B n , and hence z/c+ 9 „ ^ B^ (Because 
B n n C A„). Then the lemma follows from Lemma IfTSl and Lemma \Q. 121 

Suppose that Zk G C n . By the assumption that z ^ Z n and the choice of fc, 
there is either an < i < q n +i — 2 such that Zk+i & C n but Zk+i+i £ C n +1 or 
Zk+q n+1 -i € C,^'^ 1 1 but Zk+q n+1 $l A n U B n ■ Then the lemma follows from 
Lemma 16.91 and Lemma 16.121 

Suppose that Zk € D n . By the assumption that z ^ Z n and the choice of k, 
there is either an < i < q n +i — 2 such that Zk+i € D l n but Zk+i+i D n +1 or 
Zk+q n+1 -i G D n n+1 1 but ^ A„ U £>„. Then the lemma follows from 

Lemma T6. 101 and Lemma T6. 121 

The proof of the lemma is finished. □ 



6.6. Proof of Lemma 16.31 



Proof. Let N > 1 and R > 1 be large and be fixed. For z G X n +2, recall that 
k z > 1 is the least positive integer such that g e z (z) G A. Define 

X n+2 = i z e X n+2 \ \z\ < R and k z < N} . 

Note that the inner boundary component of Y n +2 is the union of finitely 
many straight segments and the outer boundary component of Y n +2 is the 

unit circle. Let X n ] r2 denote the closure of X n ] r2 . Let 

W„ = T fi U(S^(0)n (J 9g k {dY n+2 )) 

0<1<N 

where = {z \z\ = R}. It is clear that W n is the union of finitely many 
piecewise smooth curve segments and moreover, we have 



x nm x x n,r w 

A n+2 \ A n+2 C W n 



Since Z n is open, it follows that X^]S \ Z n is a compact set. Take an 
arbitrary small positive number 77 > 0. It is clear that there is a finite open 
cover of W n , say Qj, 1 < i < M, such that 

area(Qi) < rj. 

Ki<M 
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By Lemma 16.131 any point x in the compact set X n J r2 \Z n is either belongs to 
some Qi or is associated to some if— admissible pair (U, V) for some uniform 
1 < K < oo. We thus have finitely many pairs (Ui, Vi), i € A, such that 

1- X n+2 \ Z n C Ul<t<M Qi U UieA ^i) 

2. Vi C X„ \ X n+2 for every i e A, 

3. there is a uniform K > 1 such that for any ieA, there exist Xi £ V 
and Ti > , such that B ri (xi) C V C f/, C BK n ( x i)- 

On the other hand, by Theorem 12. 2[ it follows that there is a < <t < 1 
such that for any interval of the dynamical partition of level n, \I\ < er n . 
This, together with Lemma 16.51 implies that there is a uniform C > 1 and 
< e < 1 such that 

(28) area{Z n ) < Ce n . 

We now claim that there is a < 6 < 1 such that 

(29) area(X n+2 ) < Ce n + S area(X n ). 
In fact, by the first property above, we have 

(30) area(X n ^_ 2 ) < area(Z n ) + area( [J Qi) + area(\^J Ui). 

l<i<M ieA 

By Corollary 16. 1[ we have 

(31) area(\JUi) <area(\JVi)/X(K). 

ieA ieA 

From the second property above, we have 

area( V) < area(X n ) — area(X n+ 2). 

ieA 

Note that 

area(X n+2 ) > area(X n _^ ) > area(X n ^_ 2 ) — area( [J Qi). 

l<i<M 

We thus have 

(32) area{[j U z ) < (area(X n ) - area(X^_ 2 ) + area{ \J Q t ))/\(K). 

ieA l<i<M 

Let 6 = 1/(1 + X(K)). From $5U§ and we have 

area(X^ 2 ) — area(Z n ) + area( Qi) + Sarea(X n ). 

l<i<M 

By jUD, we have 

area(X^) < Ce n + 5 area(X n ) + r). 
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Since r\ > can be arbitrarily small, we thus have 

area(X^) < Ce n + S area(X n ). 

In particular, we get 

area(X^) < Ce n + 6 area(X n ). 

Since the constants C, e, and S do not depend on N and R, (f2U)) now follows 
by letting N, R — > oo. This proves the claim and Lemma [6751 follows . □ 

It follows that i/, and thus fi by Lemma [6.11 satisfy the condition ((2J. We 
have proved the integrability of fi. 

7. Proof of the Main Theorem 

Let 4> : C —* C be the David homeomorphism given by fi which fixes and 
the infinity, and maps 1 to 7r/2. 

Lemma 7.1. The map <j) is odd. 

Proof. By Lemma 15.31 fi(z) = fi(—z). Consider the map <fi{z) — <f)(—z). It 
follows that 4> and <f> has the same Beltrami differential. By Theorem 12.11 it 
follows that <j) o _1 is a conformal map in the plane. Since it fixes and oo, 
it follows that (<fi ° <p^ 1 )(z) = az for some a ^ 0. That is, <j)(— z) = acf>(z). 
It follows that 4>{—z) = a<f>(—(—z)) = a 2 <fr(—z) for all z. This implies that 
a 2 = 1. Clearly a / 1 since is a homeomorphism of the plane. It follows 
that a = — 1 and thus tf>(— z) — —<fr(z). The lemma has been proved. □ 

Lemma 7.2. Tg = 4> ° Gg o </> _1 is an odd entire function. 

The proof uses completely the same argument as in the proof of Lemma 
5.5 of 0. 

Proof. Let X denote the set of the critical points of Gg. It is sufficient to 
show that the map cf> o Gg belongs to W^ c (C \X). In fact, if (f> o Gg belongs 
to Wi ' (C \ X), then in any small open neighborhood U of a regular point of 
Gg, since by Lemma [5.31 the Beltrami differential of <fi ° Gg and <j> are both 
equal to fi, it follows from Theorem 12.11 that 4> o Gg — a o </> where cr is a 
conformal map defined on <j>{U). This implies that Tg is holomorphic in the 
complex plane except the points in 4>{X). But it is clear that for any point 
z G 4>(X), there is a neighborhood W of z such that Tg is bounded in W. It 
follows that all the points in <fr(X) are removable. So Tg is an entire function. 

Now let us show that the map 4> o Gg belongs to W^(C \ X). Firstly, 
<j)oGg G ^ 1 ' C 1 (C\ (1UA)). This is because G e is holomorphic inC\(lUA) 
and G '(C). Secondly, we have o G e G W io ' c (A). To see this, write 
4>oGg = (j>o o o R a o iJ o $ in A. Note that 0o and i? has same 
Beltrami differential in A, it follows from Theorem l2.1l again that 0o$ _1 oiJ _1 
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and therefore <fi o Q 1 o H 1 o R a is conformal. Since $ is conformal, H o $ 
belongs to W^ c x (A). It follows that 

o G e = (</> o o ff- 1 o o (if o $) e W^oc(A). 

It remains to prove that for every small open disk U centered at the point 
in T \ {1, — 1}, (ft o Gg € W io ' c (U). Note that (ft Gg is almost differentiable in 
[/. Therefore 

(33) f Jac(cj) o G e ) < area ((<j>oG e )(U)) <oo. 

This implies that Jac((ft o Gg) E L 1 ^). It follows that the ordinary partial 
derivatives of o Gg are equal to the distributive ones in any compact set in 
U \ T. It is sufficient to prove that d(<ft ° Gg) S ^(U) and thus 9(0 o Ge) G 
L(t7) (Then the distributive partial derivatives coincide with the ordinary 
partial derivatives in U and are thus integrable in U). But this follows from 
the following argument. Since fJ- t p Q g — A* almost everywhere in U , we have 

~ 2 Jac((ftoGg) Jac((ftoGg) Jac((ftoGg) 

\d{4>oGg)\ =- : < : - = — j 

and therefore, 



\8(tf>oG e )\ < 



Jac{cj)oGe) 1/2 



(1-H)V2 • 

Since /x satisfies the exponential growth condition ([2]), the measurable function 
1/(1 — \fi\) is integrable in U, This, together with (|3"3")l and Cauchy inequality, 
implies the integrability of d(<ft o Ge) in [/. 

The odd property of Tg follows from the odd property of Gg (see Lemma [?73l 
and Lemma 1 7. II □ 



Definition 7.1. Two maps / : C — > C and g : C — > C are called topologically 
equivalent if there exist two homeomorphisms 6\ and # 2 of the complex plane 
such that f = O^ 1 o g o Q 1 . 

Lemma 7.3 (Lemma 1, [3]). Let f be an entire function. If f(z) is topolog- 
ically equivalent to sin(z), then f{z) = a + 6sin(cz + d) where a,b,c,d G C, 
and b,c =/= 0. 

For a proof of Lemma 17.31 see [I] . 

Lemma 7.4. Let f : C — > C and g : C — ► C be two continuous maps such 
that f = g on the outside of the unit disk. If in addition, f : A — > A and 
g : A — > A are ooi/i homeomorphisms, then f and g are topologically equivalent 
to each other. 
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Proof. Define 82(2) = z for z £ A and 6*2(2) = g^ 1 ° f(z) for z £ A. It follows 
that 82 '■ C — * C is a homeomorphism. Let 6 1 ! = id. Then f = 0± o g o 2 . 
The Lemma follows. □ 

Let f/i:C-A^C-Dbe map in the definition of G(z)(see §3). Let 
r\ : C — > C be a homeomorphic extension of As before let T(z) = sin(z). 
It follows that T(z) is topologically equivalent to T o 77. Let i S [0, 1) be the 
number in Lemma 13.51 Let 

S(z) = e 2nit (Tor))(z), 

Lemma 7.5. S(z) is topologically equivalent to T{z) and Gg(z). 

Proof. The first topological equivalence follows from the definition of S(z). 
The second one follows from the definition of Gg and Lemma 17.41 □ 

Lemma 7.6. Tg(z) is topologically equivalent to T(z). 

Proof. By the construction of Tg, it follows that Tg is topologically equivalent 
to Gg. The Lemma then follows from Lemma l7~5l □ 

Now it is the time to prove the Main Theorem. 

Proof. By Lemma l7.3l and Lemma l7.61 it follows that Tg(z) = a + b sin(cz + d) 
where a,b,c,d£ C and b, c ^ 0. Since Tg is odd by Lemma 17.21 we get 

(34) a + 6sin(cz + d) = —a + &sin(cz — d). 

Now by differentiating both sides of (|34p. we get 

cos(cz + d) = cos(cz — d). 

It follows that 

sin(d) sin(cz) = 0. 

Since c 7^ 0, it follows that d — kit for some integer fc. Therefore, we may 
assume that Tg(z) = a + b s'm(cz) for some b, c 7^ 0. Since Tg(0) — 0, it follows 
that a = 0. This implies that Tg{z) = &sin(az). 

Since Tg(7r/2) = 0, it follows that c is some odd integer. By changing the 
sign of b, we may assume that c is positive. Suppose c = 21 + 1 for some 
integer I > 0. Let fio be the Siegel disk of Tg centered at the origin. For 
k e Z, let 

Qk — {z + kn\ z G £7o}- 
Since Tg is odd by Lemma 17.21 Qq is symmetric about the origin. It follows 
that Tg(p,k) — Slo- Therefore each flk is a component of T e _1 (r2o). 

Let Dfc,fc € Z, be the domains in Lemma [3.21 Recall that D = Do. Let 
?A:C\A^C\-Dbe the map defined immediately after Lemma l3~2l Let 

Oo = ^0 and Clk = <j> ^ (Pk). 
By Lemma [321 we have 
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1. flk, k G Z, are all the components of T e 1 (S7o), 

2. every dflk contains exactly two critical points of Tg, 

3. dh k ndh 3 =0 if \k-j\ > 1, 

4. any critical point of Tg is the intersection point of dfl k and dfl k +i for 
some fc e Z, and for every fc e Z, dtl k n dtlu+i contains exactly one 
critical point of Tg. 

It is clear that every Vl k is equal to some Slj. We claim that Q, k = Q k 
for all fc e Z. By definition, £lo = SIq. Since 917 1 contains the critical point 
7r/2, and since only <9f2o and dfii contain 7r/2(This is because ir/2 G d£>i 
and 0o tp~ 1 (ir/2) = 7r/2), we get Sli = f2i(Sincc Sli 7^ Sl = ^o)- Since 
only dflo and <90 2 intersect dili and since 9^2 intersects <9f2i, it follows that 
il 2 = 2 (Since £1 2 7^ ^o)- Since only <9f2i and 9^3 intersect dil2 and since 
9f2 3 intersects 9^2 = ^2, it follows that = 3 (Since Sl 3 7^ Qi = Sli ) . 
Repeating this argument, we get fl k = fifc for all k > 0. the same argument 
implies fl k = f2fc for all k < 0. The claim has been proved. 

Now it follows that the set of the critical points of Tg is equal to 

{tt/2 + kir I k € Z}. 

This implies that c = 1. It follows that 6 = e 27 " e and therefore T^(z) = fg(z). 
This completes the proof of the Main Theorem. 

□ 
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